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We theoretically investigate the optical response of a one-dimensional array of strongly nonlinear
optical microcavities. When the optical nonlinearity is much larger than both losses and inter-cavity
tunnel coupling, the non-equilibrium steady state of the system is reminiscent of a strongly correlated
Tonks-Girardeau gas of impenetrable bosons. Signatures of strong correlations are identified in the
absorption spectrum of the system, as well as in the intensity correlations of the emitted light.
Possible experimental implementations in state-of-the-art solid-state devices are discussed.
PACS numbers: 42.50.Pq, 05.30.Jp, 64.70.Tg, 05.70.Ln.
Strong correlations in quantum many body systems
give rise to a number of striking phenomena and states
of matter, ranging from superfluidity of liquid Helium
and superconductivity of metals to fractional quantum
Hall effect in two-dimensional electron gases. Most of
the work in condensed matter physics so far focused on
systems close to thermodynamic equilibrium. It is known
however that even richer range of behaviors and phases is
exhibited by systems where the steady state arises from a
dynamical balance between drive and dissipation rather
than from a thermodynamic equilibrium condition [1, 2].
The study of non-equilibrium phenomena has been his-
torically confined to classical models, such as driven dif-
fusive lattice gases [3] and models of hydrodynamic sta-
bility [4]. Another well-studied, prototypical example of
a non-equilibrium phenomenon is lasing [5]. In contrast,
non-equilibrium phases of quantum many-body systems
remained largely unexplored. Early work in this direc-
tion has addressed dissipative magnetic chains [6], driven
electron gases [7], and nonlinear optical systems [8, 9, 10].
Several papers have recently investigated the possibil-
ity of observing strongly correlated quantum phases in
gases of interacting photons [11], including Mott insula-
tor to superfluid transition in cavity arrays [12], inter-
acting spin models [13], the Tonks-Girardeau gas in a
waveguide geometry [14], and quantum Hall states [15].
The focus of almost all this prior work has been the real-
ization of well-known and thoroughly studied equilibrium
many-body systems in photonic media.
In this Letter we report the theoretical investigation
of a genuine non-equilibrium state of strongly correlated
photons. We study the spectroscopic signatures of strong
interactions in an array of cavities mutually coupled by
tunneling and driven by a coherent laser field. The prop-
erties of the non-equilibrium steady state are studied as a
function of the pump frequency and intensity for a range
of system parameters. Specific attention is devoted to
the strongly nonlinear case, where non-trivial quantum
correlations appear between photons indicating the on-
set of a Tonks-Girardeau gas of “fermionized photons”.
Most significantly, because the quantum correlations in-
side the many-cavity system directly transfer to the emit-
ted radiation [16], a much wider range of observables is
experimentally accessible than in analogous systems of
ultracold atoms [17].
The system we consider is sketched in the left panel
of Fig.1. Assuming that the dynamics is restricted to a
single photon mode per cavity, the Hamiltonian can be
written in the following generalized Bose-Hubbard form:
H =
∑
i
~ω0cˆ
†
i cˆi + ~U cˆ
†
i cˆ
†
i cˆicˆi −
∑
〈i,j〉
~J cˆ†i cˆj+
+
∑
i
[
Fi(t) cˆ
†
i + F
∗
i (t) cˆi
]
, (1)
where the cˆi (cˆ
†
i ) operators destroy (create) a photon
in the i-th cavity located at xi. 〈i, j〉 indicates next-
neighbor cavities, U > 0 is the (repulsive) single-photon
Kerr interaction within each cavity, J is the inter-cavity
hopping energy coming from the overlap of the nearest-
neighbors cavity fields, and ω0 is the bare frequency of the
isolated cavities. The term proportional to Fi(t) accounts
for the coherent drive by the pump laser: in the follow-
ing we will restrict to the case of a monochromatic pump
beam of frequency ωp, wavevector kp, and amplitude Fp,
i.e. Fi(t) = Fp exp[i(kpxi − ωpt)]. Photons are assumed
to be lost from the system at a spatially uniform rate γ.
The master equation describing the time evolution of the
density matrix ρ(t) then has the standard Liouville form:
dtρ = −i[H, ρ] + γ2
∑
i(2cˆiρcˆ
†
i − cˆ†i cˆiρ− ρcˆ†i cˆi).
Let us start by discussing the eigenstates of the N
boson problem in the absence of pumping and dissipa-
tion. In the linear regime U = 0, photons occupy single-
particle states of the hopping Hamiltonian, with an en-
ergy dispersion ǫ(k) = ω0− 2J cos(k). Wavevector is de-
fined here as a dimensionless quantity: the first Brillouin
2zone (FBZ) then corresponds to the interval k ∈ [−π, π].
In the opposite limit of impenetrable bosons U/J =∞,
a generic bosonic N -body wavefunction ψ(i1 . . . iN ) can
be exactly mapped onto a fermionic wavefunction by the
transformation [18]:
ψF (i1, . . . , iN ) = ψ(i1, . . . , iN) ǫ(σ) . (2)
Here, i1, . . . , iN are the positions of the N particles,
σ is the permutation that sorts the spatial coordinates
i1, . . . , iN into ascending order, and ǫ(σ) is the sign of
the permutation σ. This sign guarantees that for any
wavefunction ψ symmetric under the exchange of any
two particles, the corresponding ψF is anti-symmetric as
required by Fermi statistics.
As shown in [18], the eigenstates of the impenetra-
ble boson problem are in a one-to-one correspondence
with those of the non-interacting fermionic system, which
are in turn simply classified by the occupation numbers
of single-particle orbitals. In the following, we shall
use the shorthand notation |q1 . . . qN 〉 to indicate the
bosonic eigenstate corresponding to a Fermi wavefunc-
tion with one particle in each of the q1, . . . , qN orbitals.
The (pseudo-)momenta qα=1...N are to be chosen within
the FBZ, i.e. qα ∈ [−π, π]. Both the energy and the to-
tal momentum of the bosonic state are equal to the ones
of the corresponding fermionic one, say E =
∑
α ǫ(qα)
and P =
∑
α qα (as typical of a lattice, momentum is
here defined only modulo 2π). On the other hand, the
momentum distribution of the bosons is not preserved
by the Bose-Fermi mapping. In particular, the pseudo-
wavevectors qα of the α = 1 . . .N fermionic orbitals do
not have a direct meaning in terms of physical observ-
ables of the bosonic system and in particular do not cor-
respond to their physical momentum k [18, 19].
In what follows, we shall focus our attention on a neck-
lace ofM cavities with periodic boundary conditions, i.e.
ψ(. . . , iα = 0, . . .) = ψ(. . . , iα = M, . . .), ∀α. A remark-
able feature of the Bose-Fermi mapping is that the pe-
riodicity condition on the N -body bosonic wavefunction
does not directly transfer to the single-particle orbitals of
the fermionized wavefunction: depending on the number
N of particles in the system, the fermionic orbitals have
to fulfill either periodic (if N is odd) or anti-periodic (if
N is even) boundary conditions [20, 21]. This reflects on
the quantization of the pseudo-wavevector q = 2πn/M (if
N is odd) or q = 2π(n+1/2)/M (if N is even), where n is
an integer number. This peculiar quantization rule leads
to the following explicit form of bosonic wavefunction of
the lowest N = 2 state |q,−q〉 with q = π/M :
ψ(i1, i2) =
1√
2M
sin
[ π
M
|i1 − i2|
]
. (3)
In contrast to equilibrium systems, pump and losses in-
duce transitions between states with a different number
of photons. This enables one to extract detailed informa-
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FIG. 1: Left panel: sketch of the system under consideration.
Right panel: absorption spectra of the mean number n¯ of
photons present in each cavity as a function of the frequency
∆ωp = ωp−ω0 of the pump beam, taken at normal incidence
kp = 0. System of M = 5 cavities in the impenetrable boson
limit U/J =∞ with J/γ = 20. Different curves correspond to
increasing values of the pump amplitude Fp/γ = 0.1, 0.3, 1,
2, 3. The vertical dotted lines indicate the spectral positions
of the peaks predicted by the fermionization procedure with
different number of photons. The kets |q1 . . . qN 〉 indicate the
pseudo-momenta q1 . . . qN of the occupied fermionic orbitals.
tion on the microscopic physics of the strongly interact-
ing photon gas from the spectra of observable quantities.
These can be numerically calculated by directly finding
the stationary state of the master equation or by integrat-
ing it for long enough times via the Monte Carlo Wave
Function technique [22]. Examples of absorption spectra
are shown in Figs.1 and 2(a,b), where the mean number
of photons per site n¯ = 〈cˆ†i cˆi〉 is plotted as a function of
the pump frequency ωp for a pump at normal incidence
kp = 0 and a weak loss rate γ ≪ J, U .
For very weak driving |Fp| ≪ γ, the dynamics is mostly
restricted to the vacuum state and the N = 1, |q = 0〉
state: the resonant driving of this transition is respon-
sible for the main peak that is visible in all spectra at
∆ωp = −2J . For stronger driving amplitudes, higher-
lying N > 1 states start to appear. Photon number con-
servation implies that states containing N photons in the
many-cavity system is reached by repeated absorption of
N photons from the coherent drive. A generic many-
body state |f〉 of energy Ef will then appear in the spec-
tra as a narrow resonance peak at frequency ωp = Ef/N .
In the impenetrable boson limit shown in Fig.1, the po-
sition of the peaks can be successfully compared to the
analytical predictions of the Bose-Fermi mapping indi-
cated by the vertical lines: each peak is associated to a
set qα=1...N of pseudo-momenta that is compatible with
momentum conservation P =
∑
α qα ≡ 0. Further con-
firmation of the peak assignments has been numerically
obtained by looking at their power dependence: the in-
tensity of a N particle peak starts in fact as |Fp|2N . On
the other hand, even though the pseudo-wavevectors qα
completely identify a quantum state, they do not corre-
3spond to the physical momenta of the bosonic particles,
so that no direct information can be inferred on the mi-
croscopic nature of the state from the momentum distri-
bution of the corresponding emission.
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FIG. 2: Panels (a,b) Spectra of the population in the k = 0
and k = 2pi/3 bosonic modes as a function of pump frequency
for a fixed pump amplitude Fp/γ = 0.5 and different values of
the nonlinear coupling U/J . Panel (c,d): position of the peak
and relative occupation n(k = 2pi/3)/n(k = 0) at the peak
position as a function of U/J . Blue dashed lines: asymptotic
values in the weak U/J ≪ 1 and strong U/J ≫ 1 interaction
limits. System of M = 3 cavities with J/γ = 20. Pump at
normal incidence kp = 0.
In order to fully characterize the transition from the
weakly to the strongly interacting regime, we have per-
formed systematic numerical calculations for increasing
values of the nonlinear coupling U/J (Fig.2). These cal-
culations have systematically and in full detail explored
the M = 3 case and we have checked that our find-
ings extend in a straightforward way to larger systems
with more sites. Spectra of the population nk = 〈bˆ†k bˆk〉
(bˆk =
∑
j e
−ikj cˆj/
√
M) in the k = 0 and k = 2π/3 modes
are plotted in the panels (a,b) for various values of U/J .
Again, the main peak at ∆ωp = −2J corresponds to the
resonance of the one particle |q = 0〉 state. The addi-
tional peak that splits from it as U/γ is increased corre-
sponds to a two-particle final state. The U/J dependence
of its position and intensity (panels (c),(d)) provides in-
sight into the microscopic nature of the two-particle state
in the different regimes.
In the strong interaction regime (U/J ≫ 1), the two-
particle state is well captured by the lowest N = 2
fermionized state |q,−q〉 with q = π/3. This value of the
pseudo-momentum imposed by the anti-periodic bound-
ary condition is a clear signature of the fermionization
effect and directly reflects into the asymptotic position of
the peak at ∆ωp/J = −2 cos(π/3) = −1. The relative in-
tensity of the peak on the different modes nk=±2pi/3/nk=0
is also in perfect agreement with the analytical predic-
tions nk=±2pi/3/nk=0 = 1/4. This latter value is obtained
by discrete Fourier transform of the wave function (3).
In the weakly interacting regime (U/J ≪ 1), inter-
actions can be treated within perturbation theory. To
zeroth order in U/J , the lowest two particle state is a
factorizable bosonic state with two particles in the k = 0
mode and has an energy −4J . In this limit, it is visible
only in the k = 0 spectrum as a peak at ∆ωp = −2J . At
the next order, the state energy is blue-shifted by 2U/M
and the wave function has the following analytical form:
ψ(i1, i2) ≃ 1
M
{
1− 2U
9 J
cos
[
2π
3
(i1 − i2)
]}
. (4)
The hole around i1 = i2 that was complete in the
fermionized wavefunction of the strong interaction limit
(3) is here much less pronounced and its depth scales as
U/J . Correspondingly, the relative intensity of the peak
at ∆ωp ≃ −2J + U/M on the k = ±2π/3 momentum
components grows as nk=±2pi/3/nk=0 ≃ (U/9J)2. Note
how the interaction-induced blue-shift of the peak even-
tually saturates for large U/J ≫ 1: the kinetic energy
cost of creating a node at i1 = i2 is well compensated by
the suppressed interaction energy.
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FIG. 3: Plot of the auto- (black, solid line) and cross-intensity
correlations (red, dashed line) of the emission as a function of
the interaction strength, U/J . Same system as in Fig.2.
Further information on the microscopic nature of
the many-body physics of the system can be obtained
by inspecting the intensity correlations of the emitted
light [16] quantified by g(2)(i1, i2) = 〈cˆ†i1 cˆ
†
i2
cˆi2 cˆi1〉/n¯2
Both the auto- (i1 = i2) and the cross- (i1 6= i2) cor-
relations are plotted in Fig.3 as a function of U/J for
a pump laser kept exactly on resonance with the (U/J-
dependent) two-photon transition. In a very weakly in-
teracting (U/J ≪ 1) system, the two-particle peak over-
laps the one-particle one, and the emitted light inherits
the Poissonian nature of the pump laser.
For intermediate values of U/J ≈ 1, the two-particle
peak is already well separated from the single particle
peak (U/M ≫ γ). The resonant pump laser then selec-
tively excites the two-particle state and a measurement
of the intensity correlations of the emission provides de-
tailed information on the quantum correlations between
photons in this state. The fact that the system preferen-
tially contains N = 0, 2 particles rather than 1 is respon-
sible for the strong bunching. The almost flat shape of
4the wavefunction (4) makes this bunching observable in
both the auto- and the cross-correlations of the emission.
On the other hand, when interactions are very strong
(U/J ≫ 1) and the two-particle state has the fermionized
form (3), the cross-correlation remains strongly bunched,
but the auto-correlation becomes strongly anti-bunched
as a consequence of the strong on-site interactions.
The basic building block of a possible device consists
of a single cavity with a sufficiently strong on-site single-
photon non-linearity. Although anti-bunched light gen-
eration has been shown for a number of emitter-cavity
combinations such as atoms in high-finesse cavities [23],
Cooper-pair boxes in super-conducting strip-line cavi-
ties [27], single quantum dots in micro-pillar [25] and
photonic crystal defect cavities [26], scalability to multi-
cavity devices still remains a challenging task. An impor-
tant requirement is that the difference between the res-
onance frequencies of the cavities have to be kept below
the energy scales U and J . To overcome this difficulty,
laterally patterned microcavity systems containing quan-
tum wells as the nonlinear medium appear to be the most
promising candidates. State-of-the-art micropillar [29]
and laterally patterned microcavity [30] structures are
expected to provide a sufficiently large polaritonic inter-
action [28] for this purpose. In both cases, the emission
is strongly peaked in the vertical direction and the spec-
tral position of the polariton mode is to a large degree
determined by the photonic confinement, which in turn
can be precisely engineered. Finally, significant tunnel-
ing between cavities separated by distances up to the µm
range has been theoretically anticipated in [31] for later-
ally patterned cavities, and also experimentally demon-
strated in microdisk [32] or photonic crystal [33] coupled
cavity systems. This makes possible the independent col-
lection of light emitted from each cavity, in addition to
the selection in the far field [34].
In conclusion, we have theoretically investigated the
spectroscopic signatures of a non-equilibrium, strongly
correlated gas of photons in a one-dimensional array
of nonlinear cavities with strong photon-photon interac-
tions and periodic boundary conditions. We have de-
scribed the imprint of the transition from a weakly in-
teracting system to a strongly interacting one, on ex-
perimentally accessible observables. We find that the
absorption spectra show well-separated many-body reso-
nances whose position provides an unambiguous signa-
ture of photonic fermionization; these can be used to
spectrally isolate a single many-body state. We show how
the microscopic structure of the non-equilibrium steady
state of the system can be inferred from the intensity cor-
relations of the emission. Finally, we believe the present
work demonstrates the importance of coupled nonlinear
optical cavity systems in the theoretical and experimen-
tal investigation of quantum many-body systems out of
equilibrium.
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